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ABSTRACT: We consider the one-loop two-point function for multi-trace operators in the
U(2) sector of N' = 4 supersymmetric Yang-Mills at finite N. We derive an expression for
it in terms of U(NN) and S,4+1 group theory data, where n is the length of the operators.
The Clebsch-Gordan operators constructed in [[]], which are diagonal at tree level, only mix
at one loop if you can reach the same (n + 1)-box Young diagram by adding a single box
to each of the n-box Young diagrams of their U(/V) representations (which organise their
multi-trace structure). Similar results are expected for higher loops and for other sectors
of the global symmetry group.
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1. Introduction

N = 4 supersymmetric Yang-Mills has three complex scalars transforming in the adjoint
representation of the gauge group U(IN). We focus on operators built out of two of the
complex scalars, X and Y, which is a U(2) € SU(4) C PSU(2,2|4) subsector of the full
global symmetry group of the theory. Their basic correlators are given in terms of their
U(N) fundamental and antifundamental indices

(x756@) XH0) = (Yii0) Y ) = o 18}

(xti(@) iH(0)) =0 (L1)

From here onwards we will drop the spacetime dependence of the correlators and focus
on the combinatorial parts. We will use a convention whereby (---) means the tree-level
correlator where we Wick contract with ([L.1)).
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Figure 1: A planar one-loop diagram for a part of the two-point function between tr(X XYY") and
tr(XTXTYTYT) with the tr(Y X XTYT) effective vertex; note this leading N**! behaviour

We can build gauge-invariant operators by taking traces such as tr(Y)tr(XY X) or

tr(XXYY). These can be written by letting permutations act on the gauge indices
(V) (XY X) = XPXPYSYE = X7 X2 VP V= tr(a XXYY) (1.2)

Here o = (142) is an element of the symmetric group Sy of permutations of four objects.

In this paper we derive an expression for the one-loop two-point function of these
operators in terms of this group-theoretic language. In essence all this requires is that we
follow permutations and double-line index loops [F] carefully. We make extensive use of the
representation theory methods developed for the U(1) sector in [f] and the diagrammatic
techniques introduced in [d].

At tree level the correlator in terms of permutations is [l

1
<tr(a2 XY ™) tr(ay X”Y")> = Z Z xr(c7taio 7 taor)DimT  (1.3)
pevs o,7€S, xSy Thn

Here X* just means p copies of X (p is a power not an index) and similarly for Y. S, x S,
is the subgroup of the symmetric group S,;, that doesn’t mix the first p items with the
last v, reflecting the fact that X does not mix with ¥ when we Wick contract with ([1]).!
We sum over all n = p + v box Young diagrams 7" with at most N rows, each of which
labels an irreducible representation both of S,, and of U(NN). This Schur-Weyl duality of
the irreducible representations of S,, and U(N) follows because they have a commuting
action on Vﬁ" where Vi is the fundamental representation space of U(V). xr is an S,
character and DimT is the dimension of the U(N) representation. Because T has n boxes
its leading large N behaviour is DimT ~ kN" (see identity (A.1)).

In [I] a basis O[A, p,v, 8; R; 7] was found that diagonalises this tree-level two-point
function. [A, p,v, 5] labels the U(2) representation and state while R labels the U(N)

representation which organises the multi-trace structure.?

! This expression for the tree level correlator is a little redundant because we can absorb the 7 sum into
the o sum; we have written it like this to emphasis the comparison with the one-loop case.
2The operator as a whole is a U(N) singlet since it is gauge-invariant.



At one loop we get corrections from the self-energy, the scalar four-point vertex and
the exchange of a gluon. Cancellations among these corrections mean that the one-loop
correlator is given by an effective vertex [fj,

<tr(a2 Xty ™y (X, V)X, YT) - tr(an X“Y”)> (1.4)

For convenience we have dropped a —ggf—ﬂM prefactor and the spacetime dependence
log(xA)~2/x?" for some cutoff A. The expression betwen colons :: is normal-ordered so
that no contractions within the colons is allowed. In sections fJ and [ we derive an expres-
sion for this one-loop correlator in terms of permutations

1
(n—1)

Z Z h(p1, p2) Z x7(p1 o taio po T_lagT)DimT (1.5)
JTES XSy p1,p2E€Sn+1 THn+1

Compare this with ([.J). Now T has n + 1 boxes and xr is a character of S,y1. For
large N the leading behaviour is Dim7T ~ kN"*! which is what we expect for the
one-loop result (see for example figure ). h(py, p2) only takes non-zero values on a few
permutations of the y, n and n+ 1 indices (it is given in full in equation (R.12)); it encodes
the commutators in ([[.4).

We also derive a similar expression for the one-loop dilatation operator.

We find that the Clebsch-Gordan basis O[A, u, v, 3; R; 7] has constrained mixing at one
loop. If two operators are in the same U(2) representation and state, then if their U(N)
representations Ry and Ry are different they only mix if we can add a box to each Young
diagram to get the same U(N) representation with n 4+ 1 boxes T'. For example R; =
and Ry = E‘jj mix because we can get them both by knocking a single box off T' =
In other words, when we restrict the representation T of S, 41 to its S, subgroup, Ry and
Ry must both appear in the reduction. This mixing is analysed in section f|. A detailed
look at the U(2) representation A = B} operators is given in appendix [.

Extensions to higher loops and the rest of the global symmetry are discussed in
section .

Appendix [f] covers some group theory conventions and formulae; appendix [B briskly
introduces the diagrammatic formalism we use; appendix [(J revises the construction of the
representing matrices for the symmetric group.

2. Dilatation operator

Given that <X“ Xk> X’ Xk = ’5’“ where X; dXJ we can get the one-loop correlator

by first acting on tr(ay X#Y") with the one-loop dilatation operator [{-[]
AW = (X, Y][X, ]) (2.1)
As a warm-up consider the action of X{)’ on

X X (2.2)



By the product rule we get
(95,00 iz X+ XG0 (300) X xp + (2.3

To write this down in terms of permutations we shuffle around the §’s with o € S, so that
the derivative only ever acts on the final index

1 a Lo (n) o (1) lo(n—1)
(n—1)! > <5ja(n>5b ) Kjowy " Koty (24)
O'ESn

We divide by (n — 1)! because summing over all of S,, is redundant.?
It is a small step now to the action of ngfdc on

il o .. i'u il'l'+l o .. il'l'+y
le Xju}/;u+1 Y.—j;lrfl/ (25)
We get
1 1 " i i i i i i
: o) (s5¢ o) ylo() | ylo(u-1) ylo(utl) | yle(urr-1)
(p—1)! (r=1)! Z (5]“(#)51’ > (530(ﬂ+u)5d >X]v(1) Xﬂa(ufl) YJU(MH) YJo(wu*l)

"0€S, xSy

Next we relabel indices iy — pr and jouy) — qp for k€ {1,...p =1L, p+1,...p+v -1}

This amounts to writing X 7% = 7™ §% XPk which is just a book-keeping exercise.?

Jo (k) Jo (k)
1 1 Z (5(1 5i0(u)> (5c_ 5ia(u+u))
(p—1)! (v —1)! Jo(u) b Jo(utv) d
0ES XSy
Go(1) L lo(u-1) glo(ut1) L lo (utv—1) q1 . §9u-1 u+1  sQutv—1
Opy 5*”“*1 Put1 51”““*1 53'0(1) 5]&(”71) 5ja(u+1) Jo(utv—1)
D1 Pu—1 Pu+1 Pu+v—1
qu o X‘]ufl }/unrl o YZIM+V—1 (26)

Now let’s contract some indices. We're not interested in the gauge-covariant operator (R.3);
we’d like to know about tr(a; X#Y"), which means setting jm,, = 74, (m)- Also we need to
contract the indices of the dilatation operator tr([X,Y][X,Y])
tr(XY XY)—tr(Y XXY)—tr(XYY X)+tr(Y XY X)

= XY Xy (o, 00 b0 — 08 o Lo~ b, 60 o oo ool o)

(2.7)

This all looks frightful, but let’s take the first term of the one-loop dilatation operator and
work it out

1 1

~ ~ ) )
tr(XYXY) [tr(ay X'YY)] = D SN S Al 1)
( ) [ (o )] (M — 1)' (1/ —1)! — tayo(n) layo(utv) Pr Pu+v
gES, XSOy
5ia(l) . 57;0(;1,71) ia(p,+1) L. 5io(u+u71) 91 . "1;1,71 Qu+1 . ('1/,1.+u71
P Pu—1 Pu+1 Pptv—1 tay o (1) tayo(p—1)  tayo(ptl) tayo(ptv—1)
14 Pu Pu+1 Pu+v
qul S Xq# Y'unrl ce Y;]M+V (28)

3It would be more economical to sum over ¢ € Sym(n), the symmetry group of an n-cycle, in which case
we would not have to divide by (n — 1)!, but this is not necessary for our purposes.

We advise the reader to glance over appendix [B] for the delta function and diagrammatic techniques
used here.



)

o1 |

N

qk du+v Au4v+1
—

\/s

10

|
(X, Y)pk XpM Ypu+v Pu+v+1
|

(

Figure 2: The first term tr(XY XY) of the one-loop dilatation operator acting on tr(a; X*Y); k
labels the indices in {1,...u—1,u+1,...u+ v — 1} and these delta function strands are grouped
together into a single thick strand; the u, ¢+ v and p + v + 1 strands are drawn separately

Although this still looks rather ghastly, we can see some similarities emerging between the
terms from the dilatation operator on the first line and those on the second line from the
Wick contractions. They become clear if we introduce an extra index u+v+1 and split out

<4 vt lo (1) _ o) sPutvl sQutvtl
the deltas dp),,, = 5i:+u+15PZ+u and 52',11}:(,”1,) = p“f”“éqﬁ*”“éi:la(uw)
is now more pleasing

. The expression

1 1

YR wy vyl p1 ... YPu Pu+1 yPptv Putv+l
(XY XY) for(n XUY)] = S XD XD YPe YD bt
’ T 0€Su XSy
io(1) bo(u—1) slo(utv) sto(ut1) bo(utv—1) clptvt1 slo(u)
5P1 e 5pu 1 5p/,t 5pu+1 e 5pu+u71 Pu+v Pu+v+1
q1 T 5‘1u 6Qu+1 . 6"1u+ufl 5{1u+v 5{1u+u+1 9
tajo(1) tajo(p—1) tutv+1l lajo(u+l) tajo(ptv—1) tago(p) layo(ptv) ( )

Introducing the extra index allows us to draw this diagrammatically as a trace of a series of
operations on the strands, see figure fl. This was not possible with the expression in (P.§).
Converting the diagram back to a formula we get

tr(XYXY) [tr(ag XHY"Y)]

1 1 - v
= Do) Ztr (s ptv + 1, p+v)otaro(p, ptv+1, p+v) XY Iy) (2.10)

’ 0ES XSy

I is a single U(V) identity matrix and (u, u+v+1, u+v) is a 3-cycle permutation in S, 1.
If we include the other terms in the one-loop dilatation operator (R.7) then we get

tr([X,Y][X,Y]) [tr(ag XHY?)]

1 1 _
T w-DI (v -1) > > hlpr,p2)tr(pr ot aro pr XPYVIy) (2.11)
H ' ’ oE€SL XSy p1,p2ESn+1
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Figure 3: The general diagram for any of the four terms of the one-loop dilatation operator

)

See figure [ for the diagram for general p1, pa. h takes non-zero values on

h((psm 4+ 1,m), (u,n 4+ 1,n))
h((p,n+ 1), (n,n+ 1))

)

)

B((nyn+ 1), (o + 1

1

-1

-1
h((p,n,n+1), (u,n,n+1 1

(2.12)

We can write this in a more symmetric fashion that better reflects the commutator structure
of the one-loop dilatation operator

h( (g,n+1), (n,n+1)

h( (u,n) (n,n+1), (n,n+1) (u,n

h( (o n) (o +1) (p,m), (p,n) (n,n+1) (pn
h( (p,n+1) (un), (p,n) (n,n+1

)=—-1
)) =1
))=-1
))=1

(2.13)

We will use this later.
We can see that this extra index gives an enhancement by a factor of N when a loop

forms, see figure [l This happens when ot

Q10 maps +v — g or p— pu+v,ie when X
and Y are next to each other in a trace tr(--- XY ---). This is well-studied in the planar
context where this contribution dominates and the model is exactly solvable by the Bethe
Ansatz (see for example [I]-[[J]). In the non-planar context the trace structure of the
operator is still modified when o~'aj0 does not satisfy this condition, and traces can split

and join (see for example [[13]).

3. One-loop correlator

To get the one-loop correlator we take the tree-level correlator of tr(as XY ) with the



j

~

(XY Xpro v

qk n u+v
—

Qutv+1

[

| o lajo ,---

_/

Figure 4: An example of how the extra index allows an index loop to form, giving an N enhance-
ment
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image of tr(a; X*Y") under the one-loop dilatation operator

<tr(a2 Xty ™) te((X, V)X, YH) - (g X”Y”)>
_ <tr(a2 Xy ) g (X, Y][X, V) [tr(en X“Y”)]>
1 1
= -0 (v -1 Z Z h(p1, p2)

o€S XSy p1,p2€ n+1
(xt oyt Y i PRNCAY

oz (1) Jaz(n) tprolagopy (1) Ypro—lajopa(n) ‘pro—lajopy(ntl)

Now Wick contract with ([[.T)), permuting with 7 for all the possible combinations

1 1
(w—1!(v—1)! Z Z h(p1, p2)

0,T€ES XSy p1,p2€Sn+1

5?7(1) si . 5?7(71) §in 2%7L+1
pro~Llajopa(l) JagT(1) pro~Llajopy(n) JagT(n) pro~lajopy(ntl1)
11 | Z.
= h(p1, p2)d;* Y s
—1 ' V—l ' Z Z ’ 1o~ lagopgr—1 (1) 10— lagopyr—l T(n+1)
(,u ) ( ) 0,7€S, XSy p1,p2E€Sn 11 P1 a10p2 a2 P1 a1op2 agT(n
1 1
—1 —1 1
= Z Z h(p1, p2) tr(p1 o tano po 7 lanr IR (3.2)

—_1\! _ |
('u 1)' (V 1)' 0,TESL XSy p1,p2€ n+1

See figure [| for the diagrammatic representation of this trace. We can expand it in
characters of S, 41 and dimensions of U(N) (n + 1)-box representations

<tr(a2 Xy ) e (X, YIXT, Y1) tr(en X“Y”)>

1 1 _ _ .
— i1 Z Z h(p1, p2) Z xr(p1 o Yoo par 1oz27')D1mT (3.3)

'o,TGS#XSV P1,P2€Sn+1 TFn+1
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Figure 5: One-loop correlator

LD
N

4. Operator mixing

Operator mixing between single- and multi-trace operators at one-loop has been well
studied (see for example [[[4-[[7, f]). Here we will consider the mixing of a different basis
of operators.

In [l a complete basis of gauge-invariant operators was constructed that diagonalises
the tree-level correlator for a theory with U(M) global flavour symmetry and U(N) gauge
symmetry. This Clebsch-Gordan basis tells us how to mesh the U(2) (or more generally
the U(M)) representation, which dictates how the operator transforms under the flavour
group, with the U(V) representation, which controls the multi-trace structure

O, v, B Ry 7] = ——5 (n,) > Bijg S™M R I DY(0)Dfi(e) tr(ac XPY” 07)
,0€Sn,
1 i )
= Z; Bjg ST} & Dyo()tr(a XHYY) (4.1)
aEdSy

The equality follows from identity (A.J). Here A labels the U(2) representation and
[, v, O] labels the state within A: p,v label the number of fields X,Y and 8 €

{1,. ([ng D:\:D A)} labels the semistandard tableau with field content X* and Y.
R labels the U(NN) representation, which dictatess the multi-trace structure of the operator.
7 labels the number of times A appears in the symmetric group tensor product R® R (also

called the inner product). STg\ f f is the S,, Clebsch-Gordan coefficient for this tensor

u v

®The Littlewood-Richardson coefficient g counts the number of times A appears in ﬁj o[ [ [-I], where
o is the tensor product for U(2) and the outer product for the symmetric group S,. For such tensor products
of totally symmetric representations, this Littlewood-Richardson coefficient is also known as the Kostka
number for A and field content u, v. In the U(2) case this is all a bit trivial because ¢([ T -1 1,[ T -1 ]; A) is
either zero or one, but the § multiplicity becomes non- tr1v1al for U(M) with M > 3. Bjg is the branching

coefficient for the restriction of A to the representation D:ED o D:ED of its S, x S, subgroup.



product.® From the unitary group perspective S blends the global symmetry U(2) with
the gauge symmetry U(N). Dﬁ(a) is the real orthogonal Young-Yamanouchi dgr X dg
matrix for the representation R of the symmetry group S,. It is constructed in section 7
of Hamermesh [[[§] following the presentation by Yamanouchi [LJ]. All of these factors are
explained in detail in [f].

At tree level these operators are diagonal

Av,p1,01,81:R; ulll/ll Dile
<OT[A2,M2,V2752332;7'2] O[AI,NI,V17ﬁ1§R1§7’1]> = 5[[,\;;‘222;3;2% & (4.2)
1

Now consider the one-loop correlator
(O"Az, v, Bs o o]+ (X, YIIXL Y] O[Aw, v B Rusm]) (43)

A priori we know that the one-loop dilatation operator will not mix the U(2) representations
labelled by A and the states within those representations labelled by [u, v, 8] because the
one-loop dilatation operator commutes with the classical generators of U(2) (and indeed
of the full classical superconformal group [R{]).” There is however no reason why the
U(NNV) representations R controlling the multi-trace structure shouldn’t mix and we will
now analyse this using our one-loop result (8.3).

The first thing we notice, following techniques from []], is that for a general function
of a permutation f(«)

'ZB oSTIIEDR () > flo7 o) Z BjgSTMED (0) f(a)  (4.4)

a€Sn €S XSy acSp

so that for the one-loop correlator (B-J) we can absorb the S, x S, sums.®
Thus if we concentrate on the U(N) representation parts of equations (B.3) and ([.3)
we find

Z Dfllql DI}Z%D( 2) Z x7(p1 a1 p2 ag)DimT (4.5)
a1,02€S8n THn+1

If we expand the character, which is just a trace of 5,41 representing matrices for T, we get

" DR (a1)DE (as) S DZ(p1)DE(e1) DL (p2) DY, (az)DimT (4.6)
ay,02€8n THn+1

We can pick out the sum over ay say

R Fn TFn—I—l
> DI EM(an) D} (1) (4.7)
a1€Sn
6875\ 5 f for S, is exactly analogous to the 3j-symbol for SU(2), which is just an expression of the

Clebsch-Gordan coefficients.
"We thank Sanjaye Ramgoolam for discussions on this point.

8 Another way of understanding this is that a — o~ 'ao for ¢ € S, x S, is a symmetry of the operator
tr(a XHY™).



a1 is in the S, subgroup of S,+1. As a representation of S, the representation T is
reducible. It reduces to those n-box representations of S, whose Young diagrams differ
by a box from T. Consider the example used in section 7 of Hamermesh [L§]

[] | [ 1] [] []
T - o T; ey & Ts (4.8)

- S518CS19 - .

The index r of T, labels the row from which the box was removed from 7. This direct
product structure is manifest for the representation matrices constructed by Young
and Yamanouchi, where the matrix DT is block-diagonal for elements of the subgroup
o €S, C Spt1. For example ([[.9)

DT1 Fn(o,)
DTan(O.)
T+n+1 _
D (o) = DT (o) (4.9)
DT5 Fn(o.)
For a representation 7). of S,, we can then apply the identity

n n!
> D) Dy en) = g(SRlTréplbéqlc (4.10)

alesn T

This identity follows from Schur’s lemma and the orthogonality of the representing matrices.
Given the block-diagonal decomposition of DT on o and ay we find that (4) is only
non-zero if Ry = T, and Ry = T for some T and for some r and s labelling the row from
which a box is removed from T'. If there is no T" such that we can remove a single box to
reach Ry and Ry then the one-loop correlator vanishes. This is the crucial point.
If Ry # Rs then there is at most one representation 7" of .S, 11 satisfying this property
and we find that ({.6) becomes

n! n! -

__Dq2P1 (pl)qu;pg (p2)DiII1T (4.11)
dTT- de s'r 7§

The letters underneath the matrix indices indicate the sub-range of the dr indices of DT
over which the index ranges. For example, here ¢o only ranges over the dr, indices of DT
in the appropriate s sub-row of DT and p; only ranges over the dz. indices in the r sub-
column (see for example the matrix in ([£9)).® Thus for D:;';pl (p1) g2 and pp label elements

in an off-diagonal sub-block of DT. This does not vanish because p1 is a generic element
of Sp,+1 not in its S, subgroup.
So if there exists a T' for which Ry =T, and Ry =T and R; # R»

<OT[A27,U'7V7 /62;T8;T2] :tr([Xa Y][XT7YT]) : O[Alnufal/a Bl;TT;T1]>

MVN!V' A rdr A sds o
:W 1B 157’17]11;1151B]2 257’2’]223;232 Z h(p17pQ)D;gP#(pl)D%;Psz(p2)DlmT (412)

ros P1,p2€Sn+1

9To be more sophisticated, s is the first number in the Yamanouchi symbol for the index of T" and ¢ is
the rest of the symbol for T5.

— 10 —



If we use the more symmetric expression for h in (R.1J) then we can use identity ([A.2)
from appendix [A] to get

,UV,U!V' A1 Ty T m2,A2 Ty T
= dpndy Do STk bl al Brss ST b3 4
A A .
D3, (1= (1,n)) Dii, (1= (1,1)) Daypy (11 + 1)) Dy (n,m + 1))DimT” - (4.13)

This expression nicely encodes the vanishing of the one-loop correlator for the half-BPS
operators transforming in the symmetric representation of the flavour group (for A =
111, Do) =1 Vo).

Some hints on how to simplify this expression further, and how one might extract
explicitly the orthogonality of U(2) representations, is given in appendix [J.

If R1 = Ry = R then we must sum over all the representations T of S, 11 with T, = R

(O, v, ;B mo] (X YIIXT, Y1) O, v Bus Rimi])

1!
_ MYV 1,01 Ty T m2,A2 T Ty T T :
= E e Bjig, ST ol af Biags ST by as g h(pl,pg)Dngprl(pl)Dqu,;?(pg)DlmT
T s.t. R=T, Ir p1,P2€Sn+1

An example of these mixing properties is worked out for A = BE‘ in appendix [H.
Some general comments:

e We can interpret the U(NV) representation T' = n + 1 as an intermediate channel
through which the operators mix via the ‘overlapping’ of Ry F n and Ry F n with 7.

e Given that smaller Young diagrams are more likely to be related to each other by
moving a box than larger diagrams, mixing at one loop is much more likely for
smaller representations than larger ones. Larger ones can be considered practically
diagonal at 1-loop (but not at higher loops, see section [f).

4.1 Dilatation operator

We can now apply this analysis to the one-loop dilatation operator.

AW O, v, B Ry 7] =Y CFT O, p, v, B; S5 7] (4.14)
S,r!

S must be obtainable by removing a box from R and then putting it back somewhere. We
can obtain the matrix C% , by reverse-engineering the one-loop mixing (fL.1J) using the
tree-diagonality of the Clebsch-Gordan basis (E-2). We can see for example that for R # S
which mix via T'F n + 1 we can factor out the N dependence

R; ds DimT A R R g A S S
CS;:’ == ,uI/% DimS Jlﬁ ST k1 pl q1 Jzﬁ S kz P2 q2
Dy (1= () Dy, (1= (1)) qu((u,n + 1))Dq1p2((n,n +1))
DimT
N—i+i 4.1
% Dimg & i+ (4.15)

— 11 —



where i labels the row coordinate and j the column coordinate of the box R has that S
doesn’t (see equation (A.T)).

The kernel of this map provides the %—BPS operators [21, PJ, but we have no further
insight on how to obtain a pleasing group theoretic expression for these operators beyond
the hints given in [I] concerning the dual basis 23, B4]. Something like the dual basis seems
particularly relevant given that it arose in the SU(V) context [, B3 from knocking boxes
off representations to differentiate Schur polynomials.

5. Higher loops and other sectors

If we assume that higher /-loop contributions to the correlator can always be written in
terms of an effective vertex like ([.4) (it works for two loops [L1]]) then we guess that they
can be written in terms of S,, and U(NV) group theory

Z Z he(p1, p2) Z xr(p1 o taio ps 7_1a27)DimT (5.1)
0,7€ES XSy p1,p2ES 10 TrHn+t
he(p1, p2) only takes non-zero values on a few permutations of £+ 1 of the {1,...n} indices
(where the derivative acts) and the n + 1, ...n + ¢ indices. The o and 7 construction
permutes the X’s and Y’s for the product rule.

This guess is informed by the leading planar N™*¢ contribution to the ¢-loop term,
which is provided by the large N behaviour of Dim7T when 7 has n + ¢ boxes (see
equation ([A.])).

As a consequence of this structure O[Aq, u, v, 51; R1; 71| and O[Asg, i, v, B2; Ro; 2] can
only mix at ¢ loops if we can reach the same (n + ¢)-box Young diagram T by adding ¢
boxes to each of the U(V) representations Ry and Rj.

An alternative way of saying this is that if two U(IV) representations Ry and Ry have
k boxes in the same position then they can first mix at n — k loops, since we have enough
boxes to add to Ry to reproduce the shape of Rs.

This means that all operators of length n can mix at n — 1 loops, because all diagrams
share the first box in the upper lefthand corner.

We have focused here on the U(2) C SU(4) C PSU(2,2[4) sector of the full symmetry
group of N' = 4. It seems fairly obvious that this work extends to U(3) because the
effective vertex gains similar terms to the U(2) vertex and the basis of [[l] accommodates
a general U(M) flavour symmetry; the remaining sectors [R(] would require more work,
especially given that the basis constructed in [fl] doesn’t extend there yet. It would be
particularly interesting to extend the work of [2f] and understand the counting of sixteenth-
BPS operators at one loop in the non-planar limit, and hence gain an understanding of
black hole entropy via AdS/CFT.

There are satisfying group-theoretic expressions for extremal higher-point correlators
of the Clebsch-Gordan operators at tree level [[]. It would be interesting to see how much
of this structure survives at one loop.

Finally we point out that another complete basis in the U(2) sector, the restricted
Schur polynomials, have neat tree-level two-point functions and their one-loop properties
have been studied [27-B0].
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6. Discussion

The main motivation for studying these operators and their mixing is that A" = 4 super
Yang-Mills has a dual string theory on an AdSs x S° background [B1-B3]. We give here
some techniques that allow us better control of the regime where the length of operators
is arbitrary, A is non-trivial and N is finite, the regime where the ‘strong’ Maldacena
conjecture might hold beyond the planar 't Hooft limit.

We have no clear idea what the tree-diagonal operators constructed in [fl] correspond
to on the string theory side. They are not eigenstates of the one-loop dilatation operator,
but their limited mixing might pave the way for such a diagonalisation. The BPS operators
map to giant graviton branes when the operators are large [B4—B7]. Some hints on how to
obtain these operators from the Clebsch-Gordan basis were given in [[I].

On the string side splitting of strings is suppressed by gs ~ 1/N. One lesson perhaps is
that it is fruitful to think in terms of Young diagrams gaining and losing boxes as well as in
terms of traces splitting and joining. An advantage of the Young diagram methods is that
the finite N constraint is clear in terms of a limit on the number of rows. It would be inter-
esting to understand how this constraint [Bg is implemented for general string states, par-
ticularly given that it is reminiscent of the level cutoff of Wess-Zumino-Witten models [BY].

Representation theory and Schur-Weyl duality played an important part in our
understanding of 2d Yang-Mills and its string dual [f{q—[J]. We hope that Schur-Weyl
duality, and the interplay between the gauge group and the symmetry group, will provide
vital clues for our understanding of d = 4,N' = 4 supersymmetric Yang-Mills and the
string on AdSs x S°.
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A. Conventions and formulae

Rt n is an irreducible representation of S,, and also of U(V). It can be drawn as a Young
diagram with n boxes; representations of U(/V) have at most N rows.
dr = Hilh is the dimension of the symmetric group representation R, where h; ; is
1,5

the hook length for the box in the ¢th row and jth column.
DimR is the dimension of the unitary group U(N) representation R, given by

N it
DimkR= [[ ~—— (A1)
(i.4)€R I
Again ¢ labels the row coordinate and j the column coordinate of each box in R.
The S, Clebsch-Gordan coefficients satisfy for a permutation o € S,

ZD STR,R S T ZDts STR,R S T (AQ)
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R e Nt —
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Figure 6: From delta functions to diagrams to permutations

g

ik _
Jpatk)y

Tk

Figure 7: Permutations in series; thick lines represent many strands

5%&(@ _ ik _

J j&_lﬁ_l(k)

Figure 8: Permutations on the upper index

This tells us how to obtain matrix elements from the symmetric group inner product
R e S®T. g labels the multiplicity of R in S&®T.

B. Diagrammatics

Diagrammatics encode the 't Hooft double-line indices. We follow the index lines with
delta functions and permutations, see for example figure f]. We read the permutations in
the diagrams from the top down. This is also illustrated in figure [, where we remember
that in the permutation Sa we read from right to left, so that « acts first followed by S.
Also in figure [f we clump several strands labelled by k into a single thick strand, for clarity.

If we write down a series of delta functions we can always alter the order in which we
write them down with any o € S,,, given that they are just numbers

FilLgin =gt gl B.1
Ja(1) Ja(n) Jao (1) Jao(n) ( )

This allows us to deal with permutations on the upper index, see figure B
If we have 5;;:; and we set jr = iy(y) then we get

bak) sk _ staBl(k) sk _ stapl(k) _ sla(k)
JBk) (k) 5J'k 5ia<k> o 5io(k> o 5ioﬁ(k) (B-2)
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C. Symmetric group representation matrices

Here we briefly review the Young-Yamanouchi construction of real orthogonal representing
matrices for an S, representation T' [[I9], which is summarised in Hamermesh [ig].

The matrices are constructed recursively: we assume that we know all the representa-
tion matrices for all the representations of S for k < n. We also know that on elements
of the subgroup S,,_1 C S, the representation T" reduces to a sum of those irreducible rep-
resentations of S,,_1 that have one box removed from T (see for example equations ([L)
and (.9)). Given that we know all the representation matrices for all of S;,_; we know the
form of the representation matrices for T' on S,,_1 C S,,.

To reach those permutations that also act on the last object, all we need to know in
addition is the matrix for (n—1,n), DT ((n—1,n)). To obtain this, we observe that this ma-
trix commutes with all the matrices for the subgroup S,_o C S, since they are permuting
separate groups of objects. We can then use Schur’s lemmas to obtain DT ((n — 1,n)).

x[x] []
Type I: 111 and Tss
o ] o ]
Type II: T3 = T3 < T34 = Ty3 <
T o
Type III: T3 X (C.1)

To get the representing matrices of 7' on S,,_o C .5, we must reduce T" by knocking off
two boxes. We label these irreps of S,,_o by 1,5 where r is the row from which the first box
is knocked, s the second. There are three different situations when we knock off two boxes,
called Type I, II and III. These are exhibited for the example given in equation (@)

For Type I and Type III the second box can only be knocked off after the first one:
Type I is when the second box is to the left of the first on the same row; Type III is when
the second box is above the first on the same column. For Type II both boxes can be
knocked off independently and T;.s = T,

This reduction of S, representations on subgroups is also called branching.

D. Further analysis of the matrices

Here we analyse in more detail the one-loop mixing of the Clebsch-Gordan basis for Ry = T,
and Ry =T, and r # s given in ([L13).

It turns out, given the recursive construction of the representing matrices (see ap-
pendix (), that we know DX, ((n,n+1)) exactly. If we further restrict 7 to S, then the
representation reduces to Y(gusng diagrams with two boxes removed from T'. T,s = Ty, is the
common S,_1 Young diagram obtained when boxes are removed both from the rth and sth
rows (see figure f]). It is Type II because the boxes can be removed independently. Because
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Figure 9: Restriction pattern for S,11 — S, — Sp—1

(n,n+1) commutes with all elements of S,,_1, DL,,((n,n+1)) is only non-zero in the case
T S

2
Trs ,r's -1

Dglsg%((n7 n+ 1)) = Ers,sr (Dl)

’Trs,rs ’

where E,; 4 is the identity matrix. If the row lengths of T are given by ¢, then 7, ;s is!to
Trsps = (tr — 1) — (ts — 9) (D.2)

Unfortunately we can’t work the same magic on qupl((,u, n+1)).

There are also branching-type recursive relations for the Clebsch-Gordan coefficients
(see the end of section 7 of Hamermesh [[[g]).

Given that we know ([.13) is diagonal in the U(2) states, this may imply non-trivial
identities for these symmetric group reduction formulae.

E. Example

We consider the case with U(2) representation A = B} and field content X XYY. This
must be a highest weight state of A because the field content matches the rows of A. Thus
0 is unique.

The three allowed U(N) representations are R = E},Bﬂj,@j, for which A only

appears once in the symmetric group inner product R ® R.
Here @, 9" = ¢,,0"®° = [X,Y].

[tr(®, Ds) tr(D7) tr(P%) +tr (D, Ps) tr(P"P%) —tr(P, "D, P*)]
(E.2)
tr D, D) tr(P") tr(P°) —tr (P, ) tr (D" P%) —tr(P, D" P, D%)]

(E.3)

O[A=LH: R=H1| =
os-mirfF]-

107'7«5,7-3 is also known as the azial distance.

O[A=FH:ir=[1] = 7 [tr(®, @) tr(D) tr(2°) + tr(2, D", B)] (E.1)
f
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The tree level correlator is diagonal

SN2 (N? - 1)

1
EN(N2 —

1)(N +2)

Dim BE‘

= gDim [ 1] (E.4)
%Dim@j
At one loop everything mixes

IN3(1— N?) 7N (N2 —1)(N +2) 7N2(N2 —1)(N -2)
4\1[N2(N2 —1)(N+2) 5N(1—-N?)(N+2)? LN(1-N?*H)N?-4)
VANV = 1)(N - 2) i2 (1-N%H)(N%2—-4) LN - N?)(N-2)?
~3NDim[]]  2v3Dim[]] QﬁDim@E‘

— | 2v3DImHD —2(N +2)DimH —3DimH (E.5)

QﬁDimﬁﬂ

—3Dimp —%(N—Z)Dim@:‘

The diagonal terms seem to be the dimension of the irrep. enhanced by the contribution

for a specific box, furthest from the top left.

F. Code

All correlators at tree level and one loop can be checked with the correlator pro-

gram written in [pytho
http://www.nworbmot.org/code/.
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